Introduction
The relevance and application of dimensional analysis to fire problems has been discussed in general terms by Hottel [1] and by Williams [2] . They identified many dimensionless ratios but the main problem is deciding which ones to omit: in any particular application they usually make up a majority! Kanury [3] following Spalding [4] discussed a number of particular problems, and recently Quintiere [5] has extended the discussion of the application of dimensional analysis to fire problems.
The purpose of this paper is to take this exploration further, to discuss certain examples critically and to comment on the question of the analysis of experimental data in the context of dimensional analysis. However, we begin with a general discussion, emphasising some less well publicised points.
Theory of dimensional analysis
Classical treatments of dimensional analysis include "The Method of Dimensions" [6] a 1933 monograph by Professor A W Porter, who described it as "the first treatise (small though it is) upon this subject to be published in Gt. Britain", "Dimensional Analysis and Theory of Models" [7] by Professor H L Langhaar; and "Dimensional Analysis and Scale Factors" [8] by RC Pankhurst who gives over 30 references. We do not deal here with the many formalities discussed by Langhaar, with Buckingham's Theorem nor with any examples other than those taken from studies of fire behaviour. This is a topic which draws heavily on heat transfer and fluid dynamics, the historic developments of which owe much to dimensional analysis.
Units, scaling and dimensional analysis
One must first distinguish between dimensionless numbers derived from physics and others expressing some arithmetic relationship, e.g. a fraction or a percentage. Although dimensionless, these are not to be confused with ratios such as the Reynolds number although they may appear together -as may an index in a power law formula expressing, e.g. the relationship between heat transfer coefficient and velocity in turbulent flow. Consider n Re
Here N Nu is the Nusselt number a dimensionless heat transfer coefficient "h" N Re is the Reynolds number, which can be regarded as a dimensionless velocity or as a dimensionless length or scale (see below)
A a dimensionless coefficient and n an index also dimensionless.
N Nu and N Re have a physical basis, A and n an arithmetic one and they depend on the particular problem being discussed, e.g. a flat plate or a pipe. N Nu is defined by hD K . D is a characteristic dimension (usually the same as in the definition of N Re which is UD/ν.
The combination of dimensionless variables
It is possible to combine dimensionless numbers to maximize the convenience to the user or the analyst.
Here Consider the classic conduction problem of a semi-infinite solid at uniform temperature with thermal conductivity K, density and specific heat c p (all constant) heated on the surface in such a way that the surface is instantaneously raised by a steady value θ o . We seek the temperature rise at a depth x at time t; a familiar text book problem. The first question to ask is whether reference is made to all the necessary physical quantities. This requires a physical (or chemical) judgement. This is no less a judgement than is any analysis requiring confirmation by experiment. We assume that we have concluded that
It formally follows that
This can be confirmed by inserting equation (11) into equation (10) , from which one obtains an equation involving F (the function) and its first and second differentials in terms only of
This function is not a power law but it can be expressed as a series of powers of Kt c x p ρ 2 .
In general, one can obtain dimensionless groups from the complete set of equations (not necessarily differential) and, where appropriate, the initial and boundary correlations. One part of a chapter on dimensional analysis in a text by a well known specialist does not refer to the initial and boundary conditions and is not as helpful as the author intended!
x defines a position and 
More formally one can multiply both sides of equation (10) It is important not to treat this as simply the square root of the former because it is not only the square root of the ratio of forces but, as a ratio of velocities, it can be related to a ratio of volumetric quantities, which in turn is related to air/fuel ratios and entrainment. This arithmetic translation is physically ambiguous.
Anticipating a discussion yet to come below, one notes that physically g is associated with a vertical height; its appearance with a horizontal distance must require an answer to the question it raises. In brief, the answer anticipated is akin to that involved in the Reynolds number where the physically important dependent quantity is replaced by an independent geometric parameter.
A third point: if a temperature rise, say, is being correlated with a Froude number, the temperature rise in the buoyancy may be omitted when correlating data with a formula based only on dimensionless variable: if
3.
Other examples
Self-heating and thermal explosion
The classical Semenov [9] self-heating theory equates the heat loss from the surface 'S' of a uniformly heated object, i.e.
h S(T -T o )
to the rate of generation of heat V ′′′ q where ′′′ q refers to the heat generation per unit volume throughout the volume V by a zero order reaction obeying the Arrhenius Law
where Q is the heat release for unit mass.
Hence
Obviously RT/E is a dimensionless temperature but this is not always the most useful one. We discuss the behaviour of the quantity (T -T o ) e +E/RT in the above equation.
Equation (15) can be rewritten as
This dimensionless temperature difference becomes important for the low values of RT o /E
typical in many problems. i.e.
EQ fV RT KS e
where δ is 0(1).
δ depends on the geometry and shape of the material, and there is an extensive mathematical literature on this topic. It follows from dimensional analysis that for any hV KS uniform boundary conditions the equilibrium conditions are given by
and, from the preceding arguments, that for
which depends on the shape of the body. 
there can be no equilibrium: the material heats up indefinitely unless some limiting process is introduced, e.g. reactant consumption or diffusion. Consider again the approximation that led to the introduction of the alternative dimensionless temperature -
This approximation can be used even when there are large temperature differences PROVIDED T o is chosen not as an ambient temperature but as some datum near to the maximum temperature, e.g. as T 1 when a slab is heated on one side from T o to T 1 and the temperature inside the solid is able to rise only slightly above T 1 . The fractional error in the role of chemical heating on the cool side of the slab is enormous but the actual and the approximate expressions for the heat generation in the cool region are such that both may be negligible in the heat balance.
The choice of dimensionless temperature or temperature rise is helped by a physical analysis.
Ignition (external heating)
Ignition studies after WW2 concentrated on ignition by radiation and it was recognised that cellulosic materials ignited because they produced flammable decomposition products which could be ignited in air by an auxiliary ignition source e.g. a spark or a small flame. Such fuel could only be produced by thermal heating causing decomposition.
The incident heat flux in effect raises the surface temperature by conventional heat transfer processes until the temperature is high enough for any chemical heating to cause thermal instability; subsequent chemical decomposition produces flammable gaseous products rapidly enough.
Dimensional analysis of the problem arose naturally because the main component of the induction period, i.e. the delay time, was the thermal capacity of the material. Sauer [11] , in the USA, developed the procedure which was exploited by Martin [12] and by Simms [13] .
*
Martin and his colleagues omitted surface cooling as a secondary factor. This was a simplification and was perhaps appropriate so long as one is concerned with ignition times under severe exposure. If one is concerned with whether ignition occurs -a matter of importance in civil defence, then (and now too, to judge by the attention paid to evaluating a critical condition in opposed flow spread of flame) -cooling is important. Simms included cooling but treated it as a Newtonian linear simplification (see Appendix 1).
In general the thermal conduction solution is
where L is the slab thickness 
, ,
* There is much contemporary discussion of ignition and critical temperature which could benefit from a reading of early literature.
If there is no τ as when q″ = q″ s = constant
and if additionally cooling is negligible (i.e. h is omitted) and the solid is thick (L is omitted). This leads to the inclusion of dimensionless terms, one of which is similar to the δ in self heating theory (see above). This approach seems to depend too much on chemical terms of uncertain value and form to be practical and of value.
Kanury [14] describes how Martin used equation [19] in his ignition studies
y′ and x′ are not dimensionless. They would be if divided by the supposedly constant ignition temperature rise. This procedure was used to find θ ig from experimental data from which Fig.   1 was derived. used to estimate a parameter not measured directly.
Vertical plumes
Axi-symmetric, and to a lesser extent two-dimensional plumes, have received considerable attention in the fluid mechanics and fire literature.
Early studies were based on total similarity at all horizontal sections above the source. Early works, e.g. that by Sir Geoffrey Taylor [15] who developed the work of Schmidt [16] , Rouse, Yih and Hyphreys [17] and Yokoi [18] whose study of plumes emerging from openings is a classic, assumed an eddy diffusivity to determine the bell-shaped cross sectional distribution.
After the introduction of the alternative presumption -local similarity -with a constant entrainment coefficient -most analyses were still based on assumed horizontal distributions of velocity and temperature, Gaussian or 'Top Hat'.
However, the only independent variables considered in any of these developments were -(a) initial mass and momentum flux (or one of these and orifice size), (b) thermal or buoyancy constancy.
*
The dependent variables which were chosen were the plume width, velocity and temperature rise. Turbulent eddy diffusivities were described in term of these variables. Entrainment coefficients are usually taken as constant, but are otherwise (19) dependent on temperature rise, itself a dependent variable.
* The following arguments if applied to plumes with radiation loss, become sufficiently complicated to warrant resorting to CFD calculations.
Dimensional analysis does not have to make assumptions about Gaussian or Top Hat distributions, nor about the constancy of the entrainment coefficient E. These are internal dependent variables.
For an axi-symmetric plume which remains a plume rising in a still and uniform atmosphere.
One presupposes one is considering a cross section, bounded by a region or regions with no flow parallel to the plume axis and over which one can define a 
where Q is the constant convected heat flux and M o is the initial mass flow. Molecular diffusion is included as it is necessarily implied when allowance is made for differing velocity and temperature rise profiles. The suffix o denotes initial and ambient conditions. where Q´ is the heat release per unit width of the plume.
It is presumed that the two dimensional line plume can be bent over by a side wind in excess of the entrainment velocity (15) .
Dimensional analysis for such a turbulent plume in a turbulent side wind U supports a Whether a weak plume relationship can be used with a flame temperature hypothesis -as it can for vertical flames -may be questioned but the above discussion suggests that the linear approximation between l f and Q´ may be less of an approximation for forced than for natural connections.
Flames
Before any work was done on the size of flames from fires, there was a considerable literature on forced jet flames (see Fig. 3 ) because of their industrial relevance. Yokoi used this and similar plume formulae to define flame length l f by the locus of a particular value of θ mean i.e. There is conduction ahead of the source, its value at the source being -
which is the heat energy required to raise the medium to the temperature of the source.
Conduction occurs even though the right hand side does not contain K g . If there was no conduction there could not be a gradient, only a step change in temperature. There is at best some ambiguity in the literature on this topic. It is to be noted that there is no fixed dimension in this idealisation of the problem other than k g /ν a the characteristic scale length in a moving medium. This is also necessarily the value for a semi-infinite plane source moving through a semi-infinite medium on one side of a cold surface (see ∆ and δ were measured by Parker. k v g a is the scale distance in all directions including that at right angles to the motion in those situations e.g. as in Fig. 5 where there is no temperature gradient on the cold boundary. This of course presumes that the cold boundary is on a body of effectively infinite conductivity or capacity. If the movement of the thin material is assumed to have no influence on the gas phase nearby then the dimensionless ratio of ∆ to δ must be considered as independent of υ a . Each might depend on the combustion kinetics (not considered by simple thermal models but a factor defining both ∆ and δ and perhaps their ratio). A uniform heat source moving over a cold surface
The lack of dependence of V on v a is qualified. v a cannot be zero: heat transfer into a stationary semi-infinite gas is like that into a solid: there is no steady state! Fig. 4 and equations (22) and (25) imply ∆ is at right angles to δ and one can be puzzled by where the reaction rate temperature datum is taken at a nominal flame temperature. One would then be able to discuss extinction.
Concurrent flame spread

Flame spread and the Delichatsios-Saito length scale
The essence of a quasi-steady thermal theory of concurrent flame spread is (25)
where X p is the distance advanced by the pyrolysis zone (Fig. 6) , 
where X R is the locus of burn out (25) and t B is the time between ignition and burn out. We have the flame length relationship (26) ( )
where K n is a constant (known from experiments)
X po is X p at time zero.
and Q B ' is the burner strength KW/m and n an index, usually 2/3 or unity.
Complete algebraic solutions (27) are available only when n = 1
For the flames in which X fl -X p >> X p -X R we expect "n" to be 2/3 for natural convection and vertical spread. When X fl -X p << X p -X R there are reasons for supposing the same relationship holds but there are few data for this condition. Section 3.5.2.1 gives some justification for the linear approximation n = 1.
K n is a constant depending on the value of n. For n = 1 the value is roughly 0.01 m 2 /Kw.
It is acknowledged that the approximation n = 1 is in one respect fundamentally different from n ≠ 1 even if it is close to unity. Care is necessary in the interpretation of theory. If n = 1 indefinite spread is one possibility if n ≠ 1 even if is close to 1 but <1, spread is always limited.
The heat release rate per unit area produced by pyrolysis from the fuel is characterised by an initial value Q o " which is proportional to the mass rate per unit area of pyrolysis M o " i e 
where is a dimension characteristic of the fire.
Delichatsios and Saito [28] showed that
where M is here a dimensionless constant. If there is preheating ahead of the flame it is represented by an additional distance which can be expressed to a first approximation as having two components -one a constant and another proportional to the appropriate scale length. This can be either X po or . Since their ratio is already included in the set of independent ratios in the functional equation we can write the heating as taking place over the distance m+n (X fl -X p ) instead of over X fl -X p , so introducing two additional terms m and n.
The analysis of data
Analysing data statistically is fast becoming routine, but the principles underlying such analyses are, it seems, slowly being forgotten by many practitioners. Once such lack of understanding will be described below. Consider the two equations or some extra non-dimensionless variable to see if θ exists.
These treatments of the data cannot do more than demonstrate consistency. They cannot prove anything except that either because of a shortage of data or too great a variability in a data one cannot justify a re-arrangement in dimensionless form from the data, whatever theory suggests.
One common error arises from recognising that w, x and y can be made dimensionless by incorporating say, u, etc., e.g. A recently published paper correlated one dimensionless variable y against three energy 
